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Abstract. This paper estabhshes new estimates for a time-dependent 
linear Schrodinger equation in R^. Some of the results are new even in 
the time-independent case and all are shown to hold for potentials in 
scaling-critical, translation-invariant spaces. 
The main result is the following: let 

rt ft \ ' / 

y{t)^ / v{s)ds, e{t)= / A(s)ds. 
Jo Jo 
and consider a solution of the equation 

idtR{t) + {Ho + V{x,t))R{t) = F{t), R{0) given, (0.2) 

where 

[-e'^'''m.{x-y{t)) -W,{x~y[t)) ) ' '^^■^> 

Assume that V G Lq^^'°° (the weak-i^'^'^ closure of the set of bounded 
compactly supported functions) and 7i = Ti.o + V has no embedded 
exceptional values in (— oo, — /x] U [/x, oo). Also assume that ||w||l°° and 
||A||_LjX> are sufficiently small, in a manner that depends on V. Then, 
for Pc(t) = U{t)~^PcU{t), 

\mt)R{t)h^L2nLiLi^- < c{\\Rm2 + (0.4) 

Further assume that V G L^/^'^ Then 

wp^mim^iLi-^ < c(iii?(o)ii6/5,i + (0.5) 

Here L^''' are Lorentz spaces. Both estimates are scaling- and translation- 
invariant. 



1. Introduction 
1.1. Overview. Consider the linear Schrodinger equation in R'^ 

idtZ + nZ = F, Z(0) given, (1.1) 
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where 

n = no + v = -A + v, (1.2) 

where V may be real or complex-valued, in the scalar case and 

in the matrix nonselfadjoint case. Wi is always taken to be real-valued, 
while W2 may be real or complex- valued. In the sequel we treat all cases 
using a unified approach. 

Let Ro{\) = {Tio — A)^^ be the resolvent of the unperturbed Hamiltonian, 

flo(A^)(x,y) = -| 1 (1.4) 

47r \x — y\ 

in the scalar case (11.21) and 



i?o(A^ + /.)(x,y) = - l^-vl I (1.5) 

in the matrix case ()1.3p . For a multiplicative decomposition y = yiV2 of 
y, such that V2Ro{\)Vi is a bounded operator, the exceptional set £ is 
defined as the set of A G C such that the inverse of / -|- V2Ro{X)Vi is not a 
bounded operator. 

Throughout this paper we make the simplifying assumption that no ex- 
ceptional values of Ti. are contained in the spectrum of T-Cq. In three spatial 
dimensions, this assumption holds generically. The opposite situation, which 
also presents significant interest, will form the subject of a separate paper. 

In proving our estimates for the solution Z of (jl.ip . we use an abstract 
version of Wiener's Theorem, which also presents independent interest. 

Theorem 1.1. Let H be a Hilbert space and K = C{H, MfH) be the algebra 
of bounded operators from H to MtH, where MfH is the space of H -valued 
Borel measures on M of finite mass, see Ii2.1\) . 

If A £ K is invertible then A{\) is invertible for every A. Conversely, 
assume A{X) is invertible for each A, A = I + L, and 

lim||L(- + e)-L||;^ = 0, lim - xit/R))L{t)\\K = (1.6) 
Then A is invertible in K. 

Let Lq^^'°° be the weak-L^/^ closure of the set of bounded compactly 
supported functions. The following obtains in the time-independent setting: 

Theorem 1.2. Let Z be a solution of the linear Schrodinger equation 

idtZ + nZ = F, Z(0) given. 

Assume that 7i = TCq + V , V is as in 1^1.0^) or { and that no exceptional 
values of Ti are contained in a{Ti.o). Then Strichartz estimates hold: if 
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V G Lo/^'°° then 

ll^c^llL^L|nL?LP < ^^(ll^(0)ll2 + m,.,.^,.,^,.^) (1.7) 
and ifV e L3/2.i th en 

\\PcZ\\^^^..o. < c(||Z(0)||^6/5,i + lli^ll^i^/s.i). (1.8) 
Here Pc is the projection on the continuous spectrum of Ti.. 
Remark 1.3. Interpolation between Ji. 7[ ) and il.8\} produces 

ll^'c^lliP^.P < C7(||Z(0)||l,.p + l|i"llii^,.P+^P4/5.p), (1.9) 
where 1 < p < 2 and 3/{2q) = 1/p + 1/4. 

Other estimates, such as t~^/'^ decay estimates, smoothing estimates, or 
wave operator estimates will constitute the subject of separate papers. 

The Hamiltonian (|1.3|) is nonselfadjoint, leading to specific problems that 
are absent in the selfadjoint case. 

In the scalar selfadjoint setting, Keel-Tao [KeTaj proved endpoint Stric- 
hartz estimates for the free Schrodinger and wave equations and introduced 
a general method for obtaining endpoint estimates (based on real interpola- 
tion) that has been useful in all similar contexts. 

The issue of selfadjointness matters because one needs to reprove the 
usual dispersive estimates concerning the Schrodinger equation. They do 
not follow in the same manner as in the selfadjoint case, where, for example, 
the unitarity of the time evolution immediately implies the boundedness. 

In [Sch| ■ Schlag proved —>■ dispersive estimates for the Schrodinger 
equation with a nonselfadjoint Hamiltonian, as well as non-endpoint Stric- 
hartz estimates. Erdogan and Schlag [ErScj proved bounds for the evo- 
lution as well. In [Bee], endpoint Strichartz estimates in the nonselfadjoint 
case were obtained following the method of Keel-Tao. Finally, Cuccagna 
and Mizumatchi jCuMij obtained the boundedness of the wave operators, 
from which all of the above can be inferred as a simple consequence. 

Goldberg |Gol| proved Strichartz estimates for L'^/^ potentials. [BPST] 
obtained decay results for critical potentials under stronger regularity as- 
sumptions. An early result of this type also belongs to Rodnianski-Schlag 
[RoScj . who proved nonendpoint Strichartz estimates for large potentials 
with (x)"^""^ decay. 

For a survey of past results, we refer the reader to ^Golj and [BPST] . 

1.2. Sketch of the proof. We use Wiener's Theorem in the form of The- 
orem [LTl as follows. Consider a decomposition of the potential V into 
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In the matrix nonself adjoint case ()1.3p . an analogous decomposition is 

(1.11) 

By Duhamel's formula, 

Z{t) = e'*^Z(0) - i f e^(*-'^)^F(s) ds 

= e'*^oZ(0) - i /" e'^^-'^'^''F{s)ds + i f e'^^^'^'^'W Z{s) ds. 
Jo Jo 

In addition, for any multiplicative decomposition V = V1V2 of the potential, 
^a^W = V2(^e'''^°Z{0)-i j\''^'~'^'^°F{s)ds^+i J\v2e'^'-'^^^^ 

(1.13) 

Consider the kernel defined by 



{Tv„v,F){t)= [ iV2e'^'''^'^W,)Fis)ds (1.14) 
Jo 

and its Fourier transform in regard to time 

fv,,v, = iV2RoiX)Vi. (1.15) 

To apply Theorem II. H we need to establish that the kernel of Tv2,Vi is time 
integrable. This is indeed the case, in the following scale-invariant setting. 

Proposition 1.4. Let Hq be as in or M.3\) . Then 

||e^*^o/llL6,oodt<C||/||^6/5,i. (1.16) 

Thus, the free time evolution e**^°, when considered between the proper 
spaces, is indeed an operator-valued measure of finite mass. The proof 
produces a stronger result, namely 

J] 2" sup ||e^*^o/llL6,^ <C||/||i6/5,i. (1.17) 

„6Z t6[2",2"+l) 

Then, for the H = and Vi, V2 £ L^'^, it follows that Ty^y^ £ K = 
C{H, MtH). Invertibility of / — iTv2,Vi within K is directly related to 
Strichartz estimates. Indeed, at least formally we can write 

V2Z{t) = (/-iry,,yJ-V2(^e**^«Z(0) -i^*e'(*-^)^oF(s)ds^. (1.18) 

If the operator I — iTy^y^ can be inverted, then the computation is justified. 
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1.3. The time-dependent problem. Consider the family of isometries, 
determined by the parameters A{t) and v{t) = {vi{t),V2{t),V3{t)), 

The rate of change of U{t) is controlled by the norm 

\\A{t)\\L^ + \\v{t)\\L^. (1.20) 

We consider the time-dependent Schrodinger equation, with Tio as in (jl.3p . 

idtR{t) + {Ho + U{t)-WU{t))R{t) = F{t), R{0) given. (1.21) 

The Hamiltonian at time t is U{t)"^ [7{o + V)U{t), since TLq and U commute, 
i.e. it is Ti conjugated by U{t). 

Let Z(t) = U{t)R{t). We rewrite the equation in the new variable Z: 

idtZ{t) - idtU{t)U{t)~^Z{t) + nQZ{t) + VZ{t) = U{t)F{t), Z(0) = R{0). 

(1.22) 

In case U is given by (ll.lOp . the equation becomes 

idtZ - iv{t)VZ + A{t)a-iZ + nZ = F, Z(0) given. (1.23) 

In our study of the time-dependent equations ()1.2ip and (jl.22p . we employ 
the following algebra K, whose definition parallels Definition 12.11 

Definition 1.1. K = {T{t,s) \ sup, \\T{t, s)f\\M,Ll < CWfh}. 

Here MtL"^ is the set of L^-valued measures of finite mass on the Borel 
algebra of M. K contains operators that are not invariant under translation, 
is naturally endowed with a unit, but is not a C* algebra. 

The main result in the time-dependent setting is the following: 

Theorem 1.5. Consider equation 1^1. 21\) . for 7i = TCq + V as in 1^1. 2\) or 
il.3\) and V in L^'^'^ , not necessarily real-valued: 

idtR{t) + {Ho + U{t)-^VU{t))R{t) = F{t), R{0) given. 

Assume that U{t), t €z M, is a family of maps with the following properties: 

PI U{t) and U{t)^^ are uniformly LP -bounded maps, for 1 < p < cxd. 
P2 For every t, t >0, U{t) and U{t) commute with TCq and each other. 
P3 For some N , there exists e{N) > such that 

||(x)-^([/(t)C/(r)-ie*(*-^)^« -e*(*-^)^")(a;)~^||;^ < 

<C{\\A{t)U^ + \\v{t)U^)<''\ ^^"^^^ 

P4 Let Pc be the continuous spectrum projection of 7i and Pc{t) = 
U{t)-^PcU{t). Then 

\\Pc{t) - Pc{s)\\ciL.,2,L^/^a) < C\t - s\i\\A{t)\\L^ + imhr)- (1-25) 
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Assume that ||^||oo <ind \\v\\oo are sufficiently small (in a manner that 
depends onV) and there are no exceptional values ofTC embedded in a{TCo). 
Then, for a suitable Pc{t), 

\\P,{t)R{t)\\LrLlnL-,Ll^- < c{\\Rmh + m^.^.^^.^l/^a). (1.26) 
Further assume that V G L3/2.1. Then 

||P,(t)ii(t) 11^1^6,00 < C(||i?(0)||6/5,i + 11^^11^14/5,1). (1.27) 

The equation and estimates can equivalently be written in terms of Z. 

In Lemma 12.111 we show that the family U given by (jl.l9p possesses 
properties P1-P4, so Theorem 11.51 apphes . 

One can find numerous examples of families satisfying the last three prop- 
erties, but not the first one, such as U{t) = e*(/o < s < 2. In 
that case we obtain the same estimates for the solution Z of (jl.22p . but they 
no longer transfer to (jl.2ip . 

A previous result in the time-dependent setting belongs to [RoScj : 

Theorem 1.6. Consider the time- dependent Schrodinger equation on 

idtZ -AZ + V{t, x)Z = 0, Z(0) given, (1.28) 

with 

WWroorm + sup / r 'l^^^'^l' dT dy < Cq. (1.29) 

Here cq is a small constant and V{t, x) is the Fourier transform of V with 
respect to time only. Then Z G LfLl. Pi L^L^ for Z(0) G L?' and 

||^(i)lloo <C|tr=^/2||^(0)||^^ (-L_30) 

The current paper's result, Theorem 11.51 is narrower, allowing for a more 
limited sort of variation with time. On the other hand, the current result has 
applications in the study of the semilinear Schrodinger equation, because the 
size of the variation in regard to time allowed under Theorem 11.51 is much 
larger. We treat the time-dependent small perturbation of the 

time-independent one, but the perturbation is small in a weaker sense than 
in previous estimates such as in [RoSc] . 

2. Proof of the results 

2.1. Wiener's Theorem. Let H he a. Hilbert space, C{H,H) be the space 
of bounded linear operators from H to itself, and MtH be the set of H- 
valued measures of finite mass on the Borel algebra of R. M^H is a Banach 
space, with the norm 

Wl^WMtH = sup<^ ^ \\^x{Ak)\\H I Ak disjoint Borel sets L (2.1) 
k=i ^ 
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Note that the absolute value of /x S MfH given by 
\n\{A) = sup I ^ \\f^{Ak)\\H \\jAk = A,Ak disjoint Borel sets I (2.2) 

k=l k=l J 

is a positive measure of finite mass (bounded variation) and ||/i(A)||j|/ < 
|//|(^). By the Radon-Nikodym Theorem, /j, is in MtH if and only if it has 
a decomposition 

/" = /"oo|/u| (2.3) 
with G M (the space of real- valued measures of finite mass) and /Xqo G 

Furthermore, H/uHa/jH = |||/x|||a/ and the same holds if we replace H by 
any Banach space. 

Definition 2.1. Let K = C{H, MfH) be the algebra of bounded operators 
from H to MtH. 

It has the following natural properties: 

Lemma 2.1. K takes MtH into itself by convolution, is a Banach algebra 
under convolution, and multiplication by bounded continuous functions ( and 
L°° Borel measurable functions) is bounded on K : 

m\K<\\f\\oo\\k\\K. (2.4) 

Furthermore, by integrating an element k of K over M one obtains J^k £ 
C{H,H), with II /jjA;||£(H,H) < ll^lk- 

Proof. Boundedness of multiplication by continuous or L°° functions follows 
from the decomposition /x = /xo|/^| for /x S MfH. The last stated property is 
a trivial consequence of the definition of MtH. 

Let fi G MtH, k £ K. Consider the product measure fl first defined on 
product sets AxScMxMby fl{A x B) = k{fi{B)){A). This is again a 
measure of finite mass, jl S Mt^gH, and 

Wjj-WMt.sH < ||fe|k||/i||MtJ?- (2.5) 

We then naturally define the convolution of an element of K with an element 
of MtH, by setting k{iJL){A) = jl{{{t, .s)\t + s e A]). 

Thus, each k € K defines a bounded translation-invariant linear map 
from MtH to itself: 

\\k{fi)\\AUH < IMkMUh. (2.6) 

The correspondence is bijective, as any translation-invariant k G C{MtH, MtH) 
defines an element k £ K hy k{h) = k{5t=oh)- These operations are indeed 
inverses of one another. 

Associativity follows from Fubini's Theorem. K is a Banach space by 
definition. The algebra property of the norm is immediate from (12. 6p . □ 
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Note that, due to our choice of a Hilbert space H, if k & K then k* G K 
as weh. 

Define the Fourier transform of any element in K by 

^(A) = / e'''^dk{t). (2.7) 

This is a bounded operator from H to itself. By dominated convergence, 
k{X) is a strongly continuous (in A) family of operators for each k and, for 
each A, 

\\k{\)\\H^H < \\k\\K- (2.8) 

This follows from (IXID . 

The Fourier transform of the identity is /(A) = / for every A; k* = (k)* . 
Also, the Fourier transform takes convolution to composition. 

Trivially, if a kernel k £ K has both a left and a right inverse, they must 
be the same, b = b*I = b*{k*B) = {b*k)*B = I*B = B. 

As usual, fix a continuous cutoff x supported on a compact set and which 
equals one on some neighborhood of zero. We also specify that the inverse 
Fourier on R is 

fit) = ^ [ e**V(A)rfA. (2.9) 

Theorem 2.2. Let K he the operator algebra of Definition \2.i[ If A £ K 
is invertible then A{X) is invertible for every A. Conversely, assume A{X) 
is invertible for each A, A = I + L, and 

lim||L(- + e)-L||i^ = 0, lim - xit/ R))m\\K = (2.10) 

e— >0 R—*oo 

Then A is invertible. Furthermore, if L is in any of the aforementioned 
unital subalgebras of K (Kiu, Bp^au, Kgu, etc.), then its inverse will also 
belong to the same. 

Further note that the set of equicontinuous operators, that is 

{L I lim||L(- + e) -L||a- = 0} (2.11) 

e— >0 

is a closed ideal, is translation invariant, contains the set of those kernels 
which are strongly measurable and (but can be strictly larger), and / 
is not in it. We could, though, form a Banach algebra E consisting of just 
multiples of / and this ideal. 

Likewise, the set of kernels L that decay at infinity, that is 

D = {L \ hm \\x\t\>RL{t)\\K = ^], (2.12) 

is a closed subalgebra. It contains the strong algebras that we defined 
above. Note that for operators A £ D the Fourier transform is also a 
norm-continuous family of operators, not only strongly continuous. 

As a final observation, the construction will ensure that, if L belongs to 
the intersection E D D and is invertible, then its inverse is also in it. 
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Proof. Firstly, HA is invertible, that is^*yl ^ = A ^*A = I, then applying 
the Fourier transform yields 

l(A)Jpi(A) = I^i(A)l(A) = / (2.13) 

for each A, so A{X) is invertible. 

Conversely, assume A{X) is invertible for every A. Without loss of gen- 
erality, we can take A to be sclf-adjoint and non-negative for every A, by 
replacing A with ^4 * A*. Then at each A A{\) is invertible and bounded if 
and only if 

inf (/,l(A)/)>0. (2.14) 

Fix Ao € M. With the help of a smooth cutoff function x of compact support, 
equal to one on some neighborhood of zero, define 



■A-Ar 



i + xi 



,A- Ar 



)m/\\A\\K. 



(2.15) 



We next prove that A^^ is invertible. Without loss of generality we can take 
Ao to be zero. 

For any kernel B e K that decays at infinity {B G D, that is, in our 
previous notation) and for Xe = hx^i^')^ 



{Xe*B){t)-X.{t) / B{s)ds 



0. 



(2.16) 



K 



This follows, as usual, by fixing some large radius R and integrating sepa- 
rately within and outside that radius: 

\\x\s\>rB{s)\\k^^, (2.17) 



\s\<R 



{Xe{t)-Xe{t-s))B{s)ds 



< \\B\ 



K- 



K 



sup {Xe{t)-Xe{t-s)) 

\s\<R 



Thus Xe*B gets close to the operator 

Xe{t)( [ Bis)di 



^0. 

1 

*(2.18) 
(2.19) 



whose norm equals ||xe||i||-B(0)||H^H. 

If II 5 (0)11 < 1/C, where C = HxcUli is a constant independent of scaling, 
then 1 — * S is invertible for small enough e. If we only assume that 
II S (0)11 < 1, then we replace B by for some large n in the above and get 
that 1 — Xe* -S" is invertible for small e. This implies that 

^-((X^)'/T*5 (2.20) 

is invertible. 

We choose the cutoff function x in the above so that not only docs it 
have compact support, but it is smooth as well. Then, for Xe = ^X^ {^') ^-ud 
for large finite n, {Xe)^^"' is a smooth compactly supported function and its 
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Fourier transform is integrable. This makes the inverse of ()2.20p belong to 
the algebra K, as required. 

In particular, this applies to B = I — A,^. Indeed, since A{\) is positive 
and invertible, it follows that 

(/-A,r(0) = /-I(0)/P||K (2.21) 

is nonnegative and strictly less than one. Thus there exists an operator 
(namely A^) whose Fourier transform equals that of A on some neighborhood 
of Ao and which is invertible. 

We have to consider infinity separately. Let 

ArW = (1 - x(A/i?))l(A) + x(A/i?)/. (2.22) 

The difference between An and / is given by 

[I-Xr)*{I-A), (2.23) 

where XR = {R')- At this step we use the equicontinuity assumption of 
the hypothesis, namely 

lim||(/-A)-(/-A)(. + 6)|k = 0. (2.24) 

Since XR is a good kernel, we separate it into two parts, away from zero and 
close to zero, and obtain 



limSUp \\X[-e,e]XR *{I - A)-i X[-e,e]XR){I " A)\\k = Oe(l), 
R—>oc Jm. 



lim 11(1 - X[~e,e])XR\\i = 0. 



(2.25) 



Therefore 



hm - xr) * {I - A)\\k = 0. (2.26) 

_R— >oo 

Thus we can invert Ar for large R. It follows that on some neighborhood 
of infinity the Fourier transform of A equals that of an invertible operator. 

Finally, using a finite partition of unity subordinated to those neighbor- 
hoods we have found above, we explicitly construct the inverse of A. Indeed, 
consider a finite open cover of R of the form 

n 

R = D^u[jDj, (2.27) 

where Dj are open sets and D^o is an open neighborhood of infinity. Also 
assume that for 1 < j < n and for j = oo we have A~^ = AJ^ on the open 
set Dj. Take a smooth partition of unity subordinated to this cover, that is 

1 = J^X„ suppxi Ci?,. (2.28) 

j 

Then the inverse of A is given by 

n n 

= ^Xj* AJ' + {I-Y1 Xj) * (2.29) 
j=i i=i 
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Given our use of smooth cutoff functions, this construction also preserves 
the subalgebras we defined. □ 

We are also interested in whether, if A is upper triangular (meaning that 
A is supported on {{t, s) \ t > s}), the inverse of A is also upper triangular. 

Lemma 2.3. Given A £ K upper triangular with A^^ £ K , A~^ is upper 
triangular if and only if A can he extended to a weakly analytic family of 
invertible operators in the lower half-plane, which is continuous up to the 
boundary, uniformly bounded, and with uniformly bounded inverse. 

Proof. Given that A^^ and A are upper triangular, one can construct A{X) 

and A^^{X) in the lower half-plane, as the integral converges there. Strong 
continuity follows by dominated convergence and weak analyticity by means 
of the Cauchy integral formula. Furthermore, both ^(A) and A~^{X) are 
bounded by the respective norms and they are inverses of one another. 

Conversely, consider A- = X(-oo,o]^^^- the lower half-plane, A~^ = 
{A)~^ is uniformly bounded by assumption. Likewise, is bounded as the 
Fourier transform of an upper triangular operator. Since A_ = A — A^, it 
too is bounded on the lower half-plane. 

However, A^ is lower triangular, so its Fourier transform is also bounded 
in the upper half-plane. By Liouville's theorem, then. A- it must be con- 
stant, so A_ can only have singular support at zero. Therefore A is upper 
triangular. □ 

In none of the above did we use compactness or the Fredholm alternative 
explicitly. (Still, it is interesting to note that a subset of LjH is precompact 
if and only if its elements are uniformly bounded, equicontinuous, and decay 
uniformly at infinity — conditions that we actually employed). 

We next apply this abstract theory to the particular case of interest. 

2.2. The free evolution and resolvent in three dimensions. We re- 
turn to the concrete case ()1.2p or (|1.3p of a linear Schrodinger equation on 
with scalar or matrix nonselfadjoint potential V. For simplicity, the entire 
subsequent discussion revolves around the case of three spatial dimensions. 

In order to apply the abstract Wiener theorem. Theorem 12.21 it is neces- 
sary to exhibit an operator- valued measure of finite mass. Accordingly, we 
start by proving Proposition 11.41 



Proof of Proposition \1.4\ We provide two proofs — a shorter one based 
on real interpolation and a longer one, using the atomic decomposition of 
Lorentz spaces (Lemma lA.2p . that exposes the proof machinery underneath. 
Following the first approach, note that by duality (|1.17p is equivalent to 

\{e'''^'f,gmdt < C||/||^6/5,i||5ll^i^6/5.i (2.30) 

2ri t ^ 



holding for any / G L^/^^^ and g G L\Lx 



6/5,1 
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From the usual dispersive estimate 



-itA 

||e 

we obtain that 



e -/lip. <t3/2(i-2M 11/11^ (2.31) 



211+1 

Ke^*^«/,9(t))|dt < 2«(3/2-3M||^||^||^|| (2.32) 

Restated, this means that the bihnear mapping 

T : LP X lIlp ^^p_3/2 (following the notation of Proposition [ESI) , 

T = {Tn)n&, TM,9) = / {e'''-'°f,g{t))dt 

J 2" 

(2.33) 

is bounded for 1 < p < 2. 

Interpolating between p = 1 and p = 2, by using the real interpolation 
method (Theorem IB.2P with = 1/3 and qi = q2 = 1, directly shows that 

T : {L\L%,^, X {LlLlLjLDy,^, ^ (C/2,C)iAi (2-34) 

is bounded. By Proposition IB. 31 

(-^t-^L -^t-^x)l/3,l = I^ti^x^ ^x) 1/3,1 = ^t^x^^'^^ (2.35) 
'^3/2' 



l,^ jl/3,1 - ^1- 



Hence T is bounded from L^/^'^ x LjLx''^'^ to which implies (|1.17p . 

The alternative approach is based on the atomic decomposition of L^/^'^. 
By Lemma lA. 21 

/ = ^0!j<^j^9it) = (2.36) 
jr'ez fcez 

where Oj and, for each t, bk{t) are atoms with 

/i(supp(aj)) = 2-', ess sup|aj| = 2~^^^^, 
fi{snpp{bk{t))) = 2^ ess sup Mt)\ = 2-5'=/6 (^'^^^ 

(here /i is the Lebesgue measure on R^), and the coefficients aj and /3fe(t) 
satisfy 

5]|a,| <C||/||^6/5,i, Y.\(^k{t)\<CMt)\\L<^/^.i- (2.38) 
Integrating in time and exchanging summation and integration lead to 

/•oo 

|A(t)|di < C||5||^i^6/5,i. (2.39) 
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Since ()2.30p is bilinear in / and g, it suffices to prove it for only one pair of 
atoms. Fix indices jo and ko € Z; the problem reduces to showing that 

V2"/ {e'''^°aj„(3ko{t)bkMdt<C \bkMdt. (2.40) 

^^-^ -'2" Jo 



The reason for making an atomic decomposition is that atoms are in L^nL°°, 
instead of merely in L^/^'^, enabling us to employ both to decay and 
boundedness estimates in the study of their behavior. For each n, 

2n+l f2^^^ 

{e'''^''aj„pkoit)bko{t))dt < C2-3"/2||a,J|i sup ||6fc„(0||i / \Pkoit)\dt 



t 



^2-3n/22io/62fco/6 / \(3k^{t)\dt 



(2.41) 

as a consequence of the L°° decay estimate. At the same time, by the 

boundedness of the evolution, 

(e**^«ajo, /3fco(t)6fc„(t)) dt < C7||ajJ|2 sup \\hk,M\2 / \Pk,{t)\ dt 

l2" t J2" 

= C2~i«/32-'=o/3 / |/3fc„(t)|dt. 

J2" 

(2.42) 

Using the first estimate ()2.4ip for large n, namely n > jo/ 3 + ko/S, and the 
second estimate ()2.42p for small n, n < jo/3 + feo/3, we always obtain that 

itHo, 



(e**«»a,o, A„(t)6fc„(t)) dt < C2-" / |/3fc„(t)| dt. (2.43) 

2" J 2" 

Multiplying by 2" and summing over n G Z we retrieve (|2.40p , which in turn 
proves (f230|l . □ 

The resolvent of the unperturbed Hamiltonian, Rq{X) = {Ti.Q — A)~^, is 
given by (jl.4p in the scalar case (jl.2p and (jl.Sp in the matrix case ()1.3p . In 
either case, Ro{X) = (Tio — A)~^ is an analytic function, on C \ [0,oo) or 
respectively on C \ ((— oo, —fi] U [fi, oo)). It can be extended to a continuous 
function in the closed lower half-plane or the closed upper half-plane, but 
not both at once, due to a jump discontinuity on the real line. 

The resolvent is the Fourier transform of the time evolution. We formally 
state the known connection between e**^" and the resolvent Rq = {7{o—X)~^. 

Lemma 2.4. Let Hq be given by ( fi.g)) or ^.3\} . For any f e L^/^'^ and A 
in the lower half-plane, the integral 

lim r e-'^^e'*'^" f dt (2.44) 



p^'^ Jo 

converges in the norm and equals iRo{X)f or iRo^X — iO)f in case 

XeR. 
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Furthermore, for real X, 



lim r e-'^^e'^^'^fdt = i{Ro{X - iO) - Ro{X + iO))f, (2.45) 
J-o 



also in the norm. 



Proof. Note that ^IJ^ is dominated by (fTTe]) . 

oo 

W'-^^fU^,^, (2.46) 





and this ensures its absolute convergence. Next, both (I2.44p . as a conse- 
quence of the previous argument, and iRo{X + iO) are bounded operators 
from L^/^'^ to L^'°° . To show that they are equal, it suffices to address this 
issue over a dense set. Observe that 

^_u(X-ie)^itnof^^ = iRo{X - ie){f - e-v(^-*^)e^''^o/). (2.47) 

Thus, if / G n L^/^'^, considering the fact that e**^° is unitary and 
i?o(A — ie) is bounded on L^, 

lim r e-'^''^-''^e'^'^°fdt = iRo{X-ie)f. (2.48) 

Letting e go to zero, the left-hand side in (j2.48p converges, by dominated 
convergence, to (|2.44p . while the right-hand side (also by dominated conver- 
gence, using the explicit form (jl.4p - (jl.5p of the operator kernels) converges 
to iRo{X — iO)f. Statement ()2.45p follows directly. □ 

2.3. The exceptional set and the resolvent. We explore further prop- 
erties of the perturbed resolvent in the setting. Important in this context 
is the Birman-Schwinger operator, 

fv,,v,W = iV2Ro{X)Vi, (2.49) 

where V = V1V2 and Vi, V2 are as in (fLTIl or (frTT|) . 

The relation between the Birman-Schwinger operator and the perturbed 
resolvent Ry = {Ti-o + V — X)~^ is that 

Rv{X) = Ro{X) - Ro{X)Vi{I + V2Ro{X)Vi)-^V2Ro{X) (2.50) 

and 

(/ + V2RoiX)Viy^ =1- V2RVWV1. (2.51) 

Definition 2.2. Given V € Lq^^'°°, its exceptional set £ is the set of X in 

the complex plane for which I — iTY^yj^{X) is not invertible from to itself. 

Other choices of Vi and V2 such that 1^ = ^1^2, Vi, V2 G L^'°° lead to the 
same operator up to conjugation. 

Below we summarize a number of observations concerning the exceptional 
sets of operators in the form (II. 2p or (|1.3p . 
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Proposition 2.5. Assume V G Lq^'^'°° is a potential as in or 
and denote its exceptional set by £ . 

• £ is bounded and discrete outside a{7i{)), but can accumulate toward 
a(7iQ). £ n(T('Ho) ^OjS null measure (as a subset ofM). Elements of 
£ \ a{7io) are eigenvalues ofTL = TLq + V . 

• IfVis real and matrix-valued as in hl.S^) . then embedded exceptional 
values must be eigenvalues, except for the endpoints ofaiTCo), which 
need not be eigenvalues. If V is complex matrix-valued as in il.3\) . 
there is no restriction on embedded exceptional values. 

• If V is complex scalar as in or complex matrix-valued as in 
lll.3\) . then £ is symmetric with respect to the real axis. In case V is 
real-valued and as in U.3\) . £ is symmetric with respect to both the 
real axis and the origin. 

Proof Note that, for V € L3/2.°<^, V2Ro{X)Vi is L^-bounded for every value 
of A. 

The Rohnick class is the set of measurable potentials V whose Rollnick 
norm 

7(R3)2 \x-y\^ 

is finite. The Rollnick class TZ contains L'^/^. For a potential V ^ TZ, the 
operator 7^2,^1 described above is Hilbert-Schmidt for every value of A in 
the lower half-plane up to the boundary. We obtain that IVj^Vi is compact 
whenever V is in Lq'^^'°°. 

By the analytic and meromorphic Predholm theorems (for statements see 
[?], p. 101, and [?], p. 107), the exceptional set £ is closed, bounded, and 
consists of at most a discrete set outside a{Ti.o), which may accumulate 
toward a{Tlo), and a set of measure zero contained in aiTLo). 

Assuming that V G Lg''^'°° is real-valued and scalar, the exceptional set 
resides on the real line. Indeed, if A is exceptional, then by the Predholm 
alternative ([?], p. 203) the equation 

/ = -V2Ro{X)Vif (2.53) 

must have a solution f & L^. Then g = RQ{X)Vif is in 
and satisfies 

g = -RoiX)Vg. (2.54) 
If A € £^ \ a{7io), the kernel's exponential decay implies that A is an 
eigenvalue for Ti and that the corresponding eigenvectors must be at least 
in (V)-2l6/5.2. 

Furthermore, by applying 7io — A to both sides we obtain 

{no + V- X)g = 0. (2.55) 

In the case of a real scalar potential V, TCq -\-V is self-adjoint, so this is a 
contradiction for A M. In general, exceptional values off the real line can 
indeed occur. 
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For real- valued V G Lq^'^'°° having the matrix form (jl.Sp . any embedded 
exceptional values must be eigenvalues, following the argument of Lemma 4 
of Erdogan-Schlag [ErScj . 

Explicitly, consider A € £r\a{7io)\{±^}; without loss of generality X > fj,. 
It corresponds to a nonzero solution G £ L^'^ of 

G = -Ro{X-iO)VG. (2.56) 

We show that G £ and that it is an eigenfunction of 7i. Let 

where Wi and W2 are real-valued. We expand (j2.56p accordingly into 

gi = {-A + X + n)-\Wm + W2g2) 

-1 (2.58) 
g2 = {-A-{X-^i-iO))-\W2gi + Wig2). 

This implies that gi £ n and 

(52, VF251 + Wm) = ((-A - (A - - iO)-i(Ty25i + VFi(72), {W2gi + 1^152)), 
(51, W^252) = ((-A + A + fiy\Wigi + W252), W^252), 
(51, VF151) = ((-A + A + fir\Wm + W^252), Wigi). 



(2.59) 



However, 



(52, ^251 + Wm) = {gi,W2g2) + {92, Wm). (2.6O) 

Since W2 is real-valued, it follows that 

((-A - (A - ^ - iO)-\W2gi + Wig2), (VF251 + Wm)) (2.61) 

is real-valued. Therefore the Fourier transform vanishes on a sphere: 

(1^251 + W^i52)^(0 =0 (2.62) 

for = X — fj,. We then apply Agmon's bootstrap argument, as follows. 
By Corollary 13 of [GoScj . if / G has a Fourier transform that vanishes 
on the sphere, meaning /(^) = for every ^ such that \^\'^ = A 7^ 0, then 

po(A±iO)/||2 <Ca||/||i. (2.63) 

Interpolating between this and 

||i?o(A±iO)/||4<CA||/||4/3, (2.64) 

which holds without conditions on /, we obtain that for 1 < p < 4/3 and 
for / = on the sphere of radius \/A > 

\\Ro{X ± iO)/||^2p/(2_,),2 < CaII/IIlp.2. (2.65) 

Thus, starting with the right-hand side of (j2.58p in L^/^'^, we obtain that 
a gain over L^'^. Iterating twice, we obtain that g2 £ LP'. There- 
fore g is an eigenvector. 



NEW ESTIMATES FOR A TIME-DEPENDENT SCHRODINGER EQUATION 17 



Thus, for a real- valued V G L^^'^'"^ having the matrix form (|1.3p . the 
exceptional set consists only of eigenvalues, potentially together with the 
endpoints of the continuous spectrum ±/x. 

For a complex potential of the form (jl.Sp . neither of the previous argu- 
ments holds. Embedded exceptional values can occur and they need not be 
eigenvalues. 

Next, we examine symmetries of the exceptional set £. If y is real- valued 
and scalar, we have already characterized £ as being situated on the real 
line. If V is scalar, but complex- valued, then consider an exceptional value 
A, for which, due to compactness, there exists / G such that 

/ = -|y|i/2sgnyi?o(A)|F|i/V- (2.66) 

Then 

(sgny/) = -\V\^/^Ro(X)\V\'/^ sgnV{sgnVj), (2.67) 

so the adjoint has an exceptional value at A. However, a{Ty^y^{X)) = 

cr(rv\_V2(-^)*)) so all this proves that the exceptional set £ is symmetric 
with respect to the real axis. 

If V has the matrix form (11. 3p . then note that aiVai = —V, a^Vas = V*, 
where <ti is the Pauli matrix 

0-1 = , aias = -0-30-1. (2.68) 

Let A be an exceptional value, for which 

/ = -a3(cT3y)i/2i?o(A)(cT3y)i/V. (2.69) 

Here 0-3!^ = l-^ ^ 1 is a selfadjoint matrix. 
Then 

= -a3ia3V)^/^a3Ro(X)a3{a3V)^/^a3j (2.70) 

= -^73(^3^)^/2^0 (A) (a3y)i/V37 

since Rq commutes with 0-3, so whenever A is an exceptional value so is A. 

If V as in (11. 3p is a real-valued matrix, then by the same methods we 
obtain that —A is an exceptional value whenever A is an exceptional value. 

□ 

2.4. The time evolution and projections. We begin with a basic lemma, 
which applies equally in the time-dependent case. 

Lemma 2.6. Assume V G and the Hamiltonian is described by U.^) 
or il.!^) . Then the equation 

idtZ + nZ = F, Z(0) given, (2.71) 
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admits a weak solution Z for Z{0) € L^, F G L'^L'^ and 

\\Z{t)\\2 < Ce*ll^ll-||Z(0)||2 + re(*-^)ll^ll-||F(s)||2ds. (2.72) 

Jo 

Proof. We introduce an auxiliary variable and write 

idtZ + T-CqZ = F - VZi, Z(0) given. (2.73) 

Over a sufficiently small time interval [T, T + e] , whose size e only depends 
on ||l^||oo) the map that associates Z to some given Zi is a contraction, in a 
sufficiently large ball in Lf°L'^. The fixed point of this contraction mapping 
is then a solution to (I2.7ip . 

This shows that the equation is locally solvable and, by bootstrapping, 
since the length of the interval is independent of the size of F and of the 
initial data Z(T), we obtain an exponentially growing global solution. The 
bound (|2.72p follows by Gronwall's inequality. □ 



For a nonselfadjoint operator such as TL given by (11. 3p . the projections 
on various parts of the spectrum need not be selfadjoint operators. The 
following lemma characterizes such Riesz projections (it appeared in [Schj . 
under different assumptions concerning Tl). 

Lemma 2.7. Assume V € Lq^^'°°. To each element C, of the exceptional set 
ofTL outside of aiTLo) there corresponds a family of operators 

Pc=^l Rv{z){z-Cfdz. (2.74) 

They have finite rank, = for all k > n, for some n, P^ = {P^)"^, and 
more generally {P^){P^) = P^~^^ . 

Moreover, P^ are bounded from + L®/^'^ to n L^'^. 

Proof. If ^^^(C) = (^0 + ^ — C)~^ exists as a bounded operator from 

to L®'^, then C is not in the exceptional set and vice- versa, as a consequence 

of (|230|) and (^M)- 

We form the contour integral, following Schlag [Sch] and Reed-Simon [?] , 

Pc=W- [ Rv{z){z - Cf dz. (2.75) 



27rz 



\^-C.\=e 



This integral is independent of e if e is sufficiently small and P^ = for k > n. 

Using the Cauchy integral, it immediately follows that {P^){P^) = P^~^^. 
Furthermore, 

nP^ = Pi + CP°. (2.76) 

It is a consequence of Fredholm's theorem that the range of P^ is finite 
dimensional; from it follows that Ran(P^°) C L'^nL^'^. Also, Ran(P^°) 
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is the generalized eigenspace oi TC — C, meaning 

Ran(P^O) = y Ker((W - ()'')■ (2.77) 

fc>0 

One inclusion follows from ()2.76p and the fact that = for k > n. The 
other inclusion is a consequence of the fact that, if {Ti. — Of = 0, then 
Rv{z)f = {C — z)~^f and, using the definition (j2.74p . P^f = f. For higher 
values of k we proceed by induction. 

Furthermore, Ran(P^) consists of functions in (V)^^L^/^'^. If / is a 
generalized eigenfunction, meaning / G n L^'"^ and {Ti — C}"'f = 0) then 

{no + V)f = Cf + g, (2.78) 

where g is also a generalized eigenfunction. Assuming by induction that g € 
(V)^^-L^/^'^ (or is zero, to begin with), the same follows for /. Furthermore, 
if g £ we can infer the same about /. 

The range of (P^)* is the generalized eigenspace of Ti* — which means 

that it is also finite-dimensional and spanned by functions in L^n(V)~'^L^/^'^. 
Thus, each such projection is bounded from L^l^'"^ + L°° to H L^'^. □ 

Throughout this paper, we assume that there are no exceptional values 
embedded in a{7io). By Fredholm's analytic theorem, this implies that there 
are finitely many exceptional values overall. 

Then we can define Pc, the projection on the continuous spectrum, sim- 
ply as the identity minus the sum of all projections corresponding to the 
exceptional values (which coincide, in this case, with the point spectrum): 

n 

P, = /-Pp = /-^P°. (2.79) 

k=l 

Pc commutes with Ti and with e**^ , as a direct consequence of the definition 
and of Lemma 12.71 

In order to characterize Pc, we employ the he subsequent lemma appeared 
in Schlag [Sch] under more stringent assumptions. 

Lemma 2.8. Consider V € Lq^^'°° and assume that there are no exceptional 
values of Ti. embedded in the spectrum of TCq . Then for sufficiently large y 

{f,9) = i^ [ {{Rv{X + iy)-Rv{X-iy))f,g)dX (2.80) 

and the integral is absolutely convergent. Furthermore, 

{{Rv{X + iO) -Rv{X- iO))f, g) dX + J^iPlf, g) (2.81) 

-(Wo) 

where P9 are projections corresponding to the finitely many eigenvalues C,^ ■ 
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Proof. Assume at first that V € L°° and take y > ||V^||oo- Then 

I + V2Ro{X±iy)Vi (2.82) 

must be invertible. Indeed, Vi and V2 are bounded operators of norm at 
most and 

||i?o(A ±iy) 112^2 < ^ / ——dx = l/y. (2.83) 
4vr \x\ 

Therefore one can construct the inverse {I + V2Ro{X±iy)Vi)~^ by means of 
a power series. Thus 

RviX ± iy) = Ro{X ± iy) - Ro{X ± iy)VRo{X ± iy) + 

+ Ro{X ± iy)Vi{I + V2R^{X ± iy)Vir^V2Ro{X ± iy) ^^'^^^ 

is a bounded operator. 

By Lemma [2.61 Y^>n(e'*^e~^* f. a) is an exponentiahy decaying function of 
t and its Fourier transform is 

(e-(^+^^)*e**^/,5) dy = -i{Rv{X - iy)f,g). (2.85) 

Combining this with the analogous resuh for the positive side, we see that 

((e^*^e-J'l*l/,5))^ = i{{Rv{X + iy) - Rv{X - iy))f,g). (2.86) 

The right-hand side is absolutely integrable, because 

Rv{X) = Ro{X) - Ro{X)VRo{X) + i?o(A)Vi(/ + V2Ro{X)Vi)-^V2Ro{X) 

(2.87) 

and 

\{iRo{X + iy)-Ro{X-iy))f,g)\dX 

—00 

r°° 1 

< / -{{{RG{X + iy)-Ro{X-iy))fJ) + {{RoiX + iy)-RoiX-iy))g,g))dX 

= ^(ll/lli + Nli). 

(2.88) 

The remaining terms are absolutely integrable due to smoothing estimates: 

/oo 

\\\V\^'^RQ{X±iy)f\\ldX<C\\f\\l (2.89) 
-00 

By the Fourier inversion formula, (j2.86p implies 

^ / {{Rv{X + iy)-Rv{X-iy))f,g)dX = {f,g). (2.90) 

We then shift the integration contour toward the essential spectrum a(Ti.o), 
leaving behind circular contours around the finitely many (by Fredholm's 
Theorem) eigenvalues. Each contour integral becomes a corresponding Riesz 
projection. 
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What is left is Pc, the projection on the continuous spectrum. The integral 
is still absolutely convergent due to (12.87p . (|2.88p . and smoothing estimates. 
^M\i follows. 

In the beginning we assumed that V S L°°. Now consider the general 
case V e and a sequence of approximations by bounded potentials 

= V^V^ g L°°, such that ||T/" - V\\l3/2,oo ^ as n ^ oo. Let £: be the 
exceptional set of V. On the set {A | d{\,£) > e}, the norm 

\\{I + V^R,{\)V^r^\\L.^L^ (2.91) 

is uniformly bounded for large n. For some sufficiently high n, then, £{Vn) C 
{A I d{\,£) < e}. If 

yo = sup{|ImA| \ Xg£}, (2.92) 
then for any y > yo and sufficiently large n 

^ f x{mRv-{>^ + iy)-Rv<\-iy))f,9)d\ = {f,g). (2.93) 

Both for V and for V"^ the integrals (j2.90p and (j2.93p converge absolutely and 
as n — > oo (j2.93p converges to (j2.90p . To see this, subtract the corresponding 
versions of (j2.87p from one another and evaluate. 

This proves (j2.8ip for potentials V G Lq''^'"", under the spectral assump- 
tion concerning the absence of embedded eigenvalues. □ 

By Lemma |2.8| it follows that 

= xin) = ^ I (Rv{>^ + iO) - Rv{X - iO)) dX. (2.94) 
JaiHo) 

Pc is bounded on L^, but, since each projection P^P is bounded from L°° + 
^6/5,2 ^6,2 p ^1^ ^Yie same holds for Pp = I - Pc- 

Therefore Pc is bounded on L^/^''^, q < 2, and on L^''^, g > 2, as well as 
on intermediate spaces. 

We end with the following technical lemma, which is especially useful in 
the proof of the time-dependent Strichartz estimates. 

Lemma 2.9. Consider V G ^^/^'""(M^) and H = Hq + V as in {TD or 
lll.3\) such that 7i has no exceptional values embedded in aiTLo). Then there 
exists a decomposition 

V - PpTi = Fi{V)F2{V), (2.95) 

where Pp = I-Pc, such that Fi{V), F2{V)* e C{L'^,L^/^''^), and the Fourier 
transform of I — iTp2(y),_Fi(y) ^-s invertible in the lower half-plane up to the 
boundary, where 

{TF^iV),F,(v)F){t) = f F2{V)e'^'-'^'^^Fi{V)F{s)ds. (2.96) 

Furthermore, Fi(V) and F2(y)* can be approximated in the i2(L^, L^/^'^) 
norm by operators that are bounded from to {x)~^ L'^, for any fixed N. 



22 MARIUS BECEANU 

Finally, ifV e L'^^,! ^/^^^ ^6/5,2 

can be replaced by L^l^'^ . 

Proof. Consider a potential V such that Ti has no exceptional values em- 
bedded in a{Ho)- Being a finite-rank operator, Pp has the form 

n 

Ppf = Y.^fJk)gk (2.97) 

fc=i 

where fk and belong to L^'^ n L^. It follows that A can be expressed as 

n 

Af=J2 <'MfJk)fj- (2.98) 
j,k=i 

Take the standard polar decomposition of Pp, with respect to L^: 

Pp = UA, (2.99) 

where ^ = (P*Pp)^^^ > is a nonnegative operator of finite rank. A 
maps the span of fk to itself and ?7 is a partial isometry defined on the 
range of A. U maps the span of fk to the span of gk and can be extended 
by zero on the orthogonal complement: 

n 

Uf = ^ Ujk{f,fk)9j- (2.100) 
j,k=i 

Prom these explicit forms we see that both U and A are bounded operators 
from L6/5'2 + /.oo 2.6.2 p ^1^ 

Also let y = V1V2, where V2 > is a nonnegative operator on L^, meaning 
(/, V2f) > for every / G Dom(y2), and Vi, V2 G 

Then, define the bounded operators Gi = V2/(V2 + ^4) and G2 = 
{HPp)/{V2 + A), initially on Ran(V2 + ^), by setting 

Gi((F2 + A)f) = V2f, G2((F2 + A)f) = HPpf (2.101) 

and extending them by continuity to Ran(V^ + A). On the orthogonal com- 
plement 

Ran(F2 + A)^ = {/ | Ppf = 0,Vf = 0} (2.102) 
we simply set Gi = G2 = 0. We then make the construction 

V - PpH = F^{V)F2{V), 

F2{V) = V2 + A, (2.103) 
Fi{V) = ViGi-G2. 

Fi(y) and F2{V) are bounded from to L^/^'^ and from L^'^ to respec- 
tively. 

We next prove that Fi{V) and F2(V) can be approximated by operators 
in better classes, as claimed. Firstly, consider a family of smooth compactly 
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supported functions Xn such that < < 1 and Xn ^ 1 as n ^ oo. Let 

Vr = XnVl, V^ = XnV2, 

G^,=V^/{V^ + A^), G^ = {xnnPpXn)/{Vi' + A^), ^ 

It is plain that Ff and (F^)* take to {x)-^L'^. We also prove that they 
approximate Fi{V) and F2{V) in £(L^, L^/^''^). To begin with, as n — > oo 

11^ - ^ll£{L2,L6/5.2) 0- 

The second statement is due to the fact that, for finite rank operators, weak 
and norm convergence are equivalent. Note that / — is also a finite 
rank operator, so the weak convergence of / — G" to / — Gi implies norm 
convergence also, in the £(L^,L^) norm. This reasoning also proves that 
G^^Gs in/:(L2,L6/5-2). 

Finally, we show that the Fourier transform / — zTp2(V),Fi{v)('^) is always 
invertible. Indeed, one has that 

{I + F2{V)RoFi{V))-^ = I - F2{V)RvPcFi{V). (2.106) 

Conversely, 

RvPc = Ro- RoFi{V)iI + F2{V)RoFiiV))-^F2{V)Ro 

2.107) 

Rv = Ro- RoViil + V2RoVi)-^V2Ro. 

Thus, i?y(A) is bounded from L^/^'^ to L^'^ if and only if A is not an excep- 
tional value. Our assumption regarding the absence of embedded exceptional 
values implies that Rvi^) is uniformly bounded for A G a{7io). Furthermore, 
Rv is uniformly bounded away from the finitely many exceptional values. 
Using the representation formula (|2.94p for Pc, for f , g ^ L?' 

{Rv{Xo)Pcf,g) = ^ [ {Rv{Xo){Rv(.X-iO)-Rv{X + iO))f,g)dX 



/ (Y^iRviX - iO) - Rv{X + iO))f,9)dX 
27rz JaiHo) \ X-Xo 



(2.108) 

and the integral converges absolutely. Here we used the resolvent identity: 
for all Ai, A2 in the resolvent set, 

RviXi) - Rv{X2) = (Ai - X2)Rv{Xi)Rv{X2). 
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For some fixed Ai cj(Wo), Rvi^i) is bounded from L^/^.a to L^'^. Then, 
for any other value A2 a{Ti.o), one has that 

{Rv(.Xi)Pcf,g) - {Rv{X2)Pcf,9) = 

= V- f ( a ^xvx' . A Rv(.X-iO)-Rv{X + iO))f,g)dX. 

2vri J^CHo) HA - Ai)(A - A2) / 

(2.109) 

Since the integrand decays hke A~^, it follows that 

SUp||i?y(A)Pc|lL6/5,2^i6,2 < 00. (2.110) 

Aec 

Consequently, / + F2{V)Ro{X)Fi{V) is always invertible by (|2.106|) . □ 

2.5. Time-independent estimates. In the sequel, by e'*^ we designate 
the solution of the homogenous equation, which is well-defined at all times 
as a bounded operator, for V S L°°. 

Proof of TheoremlTM To begin with, assume F G Let F, G G Lf{Lln 
L^.) have compact support in t and consider the forward time evolution 



{TvF){t)= [ e'^'^'^'^PcF{s)ds. (2.111) 

Jt>s 



TyF{t) is in L\ for all t and grows at most exponentially, so its Fourier trans- 
form is well-defined for ImA < — ||T^||oo (where, in particular, ||i?v'(A)||2_^2 
is bounded): 

^^^(A) = iRv{X)PcF{X). (2.112) 

For y > Halloo, both e-y\TvF){t) and e?'*G(t) belong to Lj,^. Taking the 
Fourier transform in t, by Plancherel's theorem 

{{TyF){t),G{t))dt = ^ [ {{e-y\TvF){t))\{ey'G{t))'')dX 

= ^ [ {RviX-iy)PcF{X-iy),Gi^)iX-iy))dX. 

(2.113) 

Here (•, •) is the real dot product. 

The pairing makes sense because RyPc is analytic in the lower half-plane, 
as a family of bounded operators from L^/^'^ to L^'^. Furthermore, F and 
G are analytic due to the compactness of the supports and, for every y G M, 
-F(A -|- iy) G -L|L^/^'^ and likewise for G. 

We shift the integration line toward the real axis, obtaining 

/ {{TvF){t),G{t))dt = ^ [ {RviX-iO)Pj{X),G{^){X))dX. (2.114) 
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This leads to 



/ {{TvF){t),Git))dt<Csnp\\RviX-iO)Pc\\c(L<^/^,2 l6.2)||F|U,6/5,2||G| 
Jr AeM ' 

^ C'llFll 2f6/5,2||G|| 2r6/5,2. 

(2.115) 

Then, we remove our previous assumption that F and G should have com- 
pact support. This establishes the Strichartz estimate 



r2 r6/5,2 



I e^(*'^)^P,F(s) ds 

Jt>s 



<C||F|| 2.6/5.2. (2.116) 
r2r6,2 ^t^x 



Using Duhamel's formula we obtain all the other Strichartz estimates. 

For V G Lq^^'°°, one can approximate it in the norm by L°° 

potentials whose exceptional sets are still empty (in the lower half-plane). 
If the conclusion stands for each of these approximations, uniformly, then 
we pass to the limit and it also holds for V itself. 

Next, assume V E L^/'^'^ and consider the following arrangement: 

Pcn = no + V -PpH. (2.117) 
Lemma 12.91 provides a multiplicative decomposition 

V - PpH = Fi{V)F2{V), (2.118) 

such that Fi(y) and (^) bounded operators from to L^/^'^. Let 

iTF^iV),F,iV)Fm = f F2{V)e'^'~'^'^'Fr{V)F{s)ds. (2.119) 

We need to establish that rFi(y),F2(y) ^ where K is the Wiener algebra 
of Definition l2.11 By Proposition II .41 and Minkowski's inequality, we see that 
Tij given by 

TijF{t)= I e'^^-'^'^^F{s)ds (2.120) 

J — oo 

takes L^Lx'^ to LIL^J^''^ . Therefore Tp2(v'),Fi(y)-^(0 takes L\l1. to itself 
and, for the Hilbert space L^, belongs to the algebra K of Theorem 12.21 
Following Lemma [231 the Fourier transform of 7V2(y),Fi(y) is given by 

TF,(viF,(y)W = iF2{V)Ro{X)FiiV). (2.121) 

By Lemma [2. 9 1 the Fourier transform of / — iTF2{V),Fi{V) is invertible in the 
lower half-plane. 

Furthermore, considered as an operator from L^/^"*^ to its dual, Tp2(y),Fi(y) 
decays at infinity like Itl"^"*^ in norm. By approximating Fi{V) and F2{V) 
in the operator norm, it follows that 2p'2(y),Fi(y) belongs to the subalgebra 
D C K of kernels that decay at infinity. 

Likewise, take some Vi, V2 decay sufficiently fast. Then for each t 

||(^^g-.(t+.)A^^ - V2e-''^Vi)f\\2 < Ce'/%-''^Vif\\^^f, (2.122) 

loc 
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and therefore 



-t 



Since Ty^y^ decays at infinity, (j2.123p implies that Ty^y^ is equicontinuous. 
Again, by approximating we find that the same holds for F\{y^ and F^^V^. 

Therefore I — iTp^y^^p^y^ satisfies all the hypotheses of Theorem 12. 2| 
with respect to the Hilbert space I? and the algebra K of Definition 12.11 
Given that <5 = 0, one can invert and (I — VTp^ys^^p^y-^)'^ is an upper 
triangular operator in K by Lemma 12.31 

Let Ti^p^y^^ and Tp^iy),! be respectively given by 

{Tj,p,y)Fm= f e*(*-^)«oFi(y)F(.)ds (2.124) 

J — oo 

and 

{Tp^y)jF)it)= f F2{V)e^^'-'^^-F{s)ds. (2.125) 

J —oo 

By Duhamel's formula, 

PcZ{t) = e^*^Pc^(0) - i [ e*(*-")^Pci^(s) ds 

Jo 

= e^*^oZ(0)-i / e'^^''^'^'-'F{s)ds + i f e'^^-'^^^'iV - Ppn)Z{s)ds. 
Jo Jo 

(2.126) 

In addition, given the decomposition V — PpTL = Fi{V)F2{V), 

F2{V)Z{t) = F2{V) ('e**^«Z(0) - i f e^(*-")^«F(s) d^ 

^ V Jo J ^2.127) 

/ (F2(y)e^(*-^)^«Fi(y))F2(F)Z(s) ds. 
Jo 



j-t 
lo 

Then 



(I - iTp^y)^p^y))F2{V)Z = Tp^y^^^i-iF + 6t=oZ{0)). (2.128) 
Now write the evolution as 

Z{t) = Tij{-iF + 6t=oZ{0)) + Tjy{I - iTv,y)-^Tv,,i{-iF + 6t=oZ{0)). 

(2.129) 

By Proposition 11.41 Tv2,i takes right-hand side terms in LjLx^^'^ and L^/^'^ 
initial data, F + 6t=oZ{0), to L^L'^. The convolution kernel (/ — iTy^y^^)"^ 
then takes -^^^ -^^^ into itself again, while the last operator Tiy-^ takes L\L%^^'^ 
into L\L^°° . 

□ 
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Remark 2.10. An easy proof can be given, if V £ L n L°° has an empty 
exceptional set, to decay estimates from D to + L°° . We 

can conduct the proof in the Beurling algebra 

Be^^_y2s = {A I \\A{t)\\Be = sup((t)'/' H^^^^O < oo}. (2.130) 
The proof follows that of Theorem \1.S\ but is more straightforward. 

2.6. The time-dependent case. We turn to time-dependent equations. 
Many of the previous observations, concerning the Fourier transform and 
Wiener's Theorem, apply here as weU. However, the Fourier transform of 
a kernel T(t, s) which is not invariant under time translation is no longer a 
multiplier r(A) : H ^ H for each A; it is a family of non-local operators 
instead. Such a generalization was studied by Rowland [Row] . 

We shall not follow this direction in the current work. Instead, we only 
look at small perturbations of time-independent operators. 

Consider the family of isometrics given by (jl.l9p 

U{t) = eio(^('5)^ + '^A{s)a3) ds _ 

In the subsequent lemma we encapsulate the properties of U that we actually 
use in our study of (fOTj) and p"!22]) . 

Lemma 2.11. Let U{t) be defined by ^.19\) . Then U possesses properties 
P1-P4 listed in Theorem \1.5l 

Proof. It is easy to verify the first two properties directly. In particular, the 
Laplace operator A commutes with translations. 
Concerning the third property, we compare 

T(t, s) = e^(*-")^o (2.131) 

and 

f{t,s) = e^{t-s)'Hoj',{2v{T)\'+iA{T)a3)dT_ (2.132) 

On one hand, from dispersive estimates, 

||r(t, s) - f{t, s)||i^oo < C\t - (2.133) 
On the other hand, 

\\Tit,.s)-f{t,s)\\2^2<C. (2.134) 

It follows that for > 1 

|Kx)-^(r-T)(x)-^||^^^^<C. (2.135) 

This holds with a constant independent of A and v. 

Finally, we prove the last stated property. Assume A and v are small. We 
first consider the case when there is no translation movement due to v and 
we only have to handle oscillation, due to A. Denote this kernel by Tqsc, 
that is 

Toscit, s) = e^(*-^)^«e^'='(^^W'^3)dr_ (2.136) 
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One has 

e'" - 1 < C7mm(l,a) (2.137) 

and thus 

\\T{t,s)-fosc{t,s)\\2^2 < Cmin(l,P||oo|t-s|) < C\\A\Ut-s\'. (2.138) 

Therefore, for large enough N, it fohows from (j2.133p and from ()2.138p that 

\\{x)-''{T-fosc){x)-''\\^<C\\A\\i'. (2.139) 

Next, we consider the case when v is not necessarily zero. Let d{t) = 
Jp v{t) dr. Then 

g-i(t-s)Ag{/j2i,{r)<ir)V ^ 

o/o (x-y)(d(t)-d(s)) (d(t)-d(s))^ \ (2.140) 

_ s)-'^/^gH 4(t-s) t-s t-s 



(-47rj)3/2 



. {x-y)(d(t)-d(sy) 

e ~ -1 



We treat the last factor e* in the same manner in which we 

treated the factors containing A. Consider the kernel that contains those 

. {d(t)-d(s)f _ (j;-y)(d(t)-d(3)) 

factors together with e , leaving aside e *-» : 

f,it,s) = e*(*-)>^0e/^(A(rV3)drg^M^)_iM)!_ (2.141) 

For this kernel as well, one has 

\\{xy^(T-f,){x)-''\\^<Cm\t + \\v\\i'). (2.142) 
Considering the fact that 

< C7min(l, ||t;||^(|x| + |y|) < C\\v\\l,{\x\ + \y\Y , (2.143) 
it follows that for large enough 

\\{x)-''{t{t,s)-f,{t,s)){xy''\\2-.2<C\\v\Ut-s\-^/\ (2.144) 
We also have the trivial bound 

\\f{t,s)-fi{t,s)\\2-.2<C. (2.145) 

Therefore 

\\{x)-^(f-f,){xr''\\^^^^<C\\v\\t. (2.146) 
Overall, we find that 

||(x)-^(r-T)(x)-^||^^^^<C(P||^3 + ||z;||^='). (2.147) 
The last property can be rewritten in a number of equivalent ways, including 

||[[/(t)-^atC/(t),Pe]||£(L6.2,i6/5,2) < C(p|U + Iblloo). (2.148) 

For U given by (jl.lOp . this commutator involves the terms 

iv{t)[P„V]Z, A{t)[Pc,a3]Z. (2.149) 

Then, (|2.148p is a consequence of the fact that Pp = I — Pc has finite rank, 
as does P*, and their ranges are spanned by functions in (V)^^L^/^'^. □ 
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We proceed with the proof of Theorem 11.51 

Proof of Theoreni \1.5[ To begin with, assume that V E L°°. This endows 
the time-independent evolution with a meaning, as an exponentiahy growing 
function in L^. In the end, one can discard this assumption following an 
approximation argument. 

Write the equation in the form (11.230 and let 

Z = P,Z, F = P,F- i[P,, U{t)-^dtU{t)]Z. (2.150) 

The equation becomes 

idtZ - iU{tY^dtU{t)Z + nZ = F, Z(0) = PcR{0) given. (2.151) 

The commutation term [Pc,U{t)^^dtU{t)]Z is small in the dual Strichartz 
norm (for small || 

uIIqq and ||^||qq) and thus can be controlled by Strichartz 
inequalities and a fixed point argument. The same applies regarding the 
proof of (ll.27p . where the commutation term is controlled by a fixed point 
argument in L\Lx ■ 

Lemma 12.91 provides a decomposition 

V -Ppn = Fi{V)F2{V), (2.152) 

where FiiV) and F2{V) are in C{L\L^/^^^) and can be approximated in 
this space by operators F^ and F^, such that and {F2 )* are bounded 
from L2 to (x)~^L2. 
Denote 

fF,(^V),F,(v)F{t)= f F2{V)P,e'^'-'^'^^U{t)U{s)-'F,{V)F{s)ds, 

(2.153) 

respectively 

fF^^V),iF{t)= f F2{V)P,e''^'~'^'^^^U{t)U{sr^F{s)ds. (2.154) 
J —00 

By Duhamel's formula, 

F2{V)Z{t) = ifp^^y^^p^^y)F2iV)Z{t)+fp^^y^^,{-iU{s)F{s)+5,=oZm. 

(2.155) 

We compare the time-dependent kernel Tp^(^Y),Fi{v) with the time- independent 
one 

TF,(v),F,{v)F{t)= f F2{V)Pce'^'-'^'^'F^{V)F{s)ds. (2.156) 

For each n, by Lemma 12.111 we obtain that 

lim WTpn fn — Tpn 1 1 ^ = 0. (2.157) 
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At the same time, since and -F" are approximations of F2{V) and Fi{V), 

lim \\Tf^,f^ - Tf^^v),f,{V)\\c{lI^,lIj = 0, 

^ . (2.158) 

il^^ ll^^2".^r - ^F2(y),Fi(y)ll£(L2,,L2 J = 0. 

When V G L^/"^'^, one can replace £(Lf 3., by ^ in (12138]) . 
Therefore, when V G Lg''^'°° 

||A||^-.o "^^2(y),Fi(v) - ^V2(y),Fi(y)ll£(L2^,L2 J = (2.159) 

and when V G L^/"^'^ 

II Ji™ n ll^^2(v),Fi(y) - ^>2(V),Fi(y)llA' = 0- (2.160) 

Due to the Strichartz estimates of Theorem II. 2 1 the operator /— iTp^(y-)^^2(y) 
is invertible in C{L^^^, L,'^,x)- Its inverse is given by 

{I-iTF^^V),F,iV))-'F{t) = F{t)-i f F2{V)P,e'^'-'^'^F,{V)F{s)ds. 

J —00 

(2.161) 

For the same reason, when V G L^/'^'^, I — zTp^(y) ^^(y) is also invertible in 
the K algebra of Definition ll.il By (j2.159p . it follows that when ||A||oo and 
Halloo are small enough I — *2Vi(y),F2(y) is also invertible in /^(L^^,, .j.), 
respectively K. This immediately implies the desired estimates. □ 
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Appendix A. Atomic decomposition of Lorentz spaces 

Our computations take place in Lebesgue and Sobolev spaces of functions 
defined on M^"'"^. This corresponds to three spatial dimensions and one extra 
dimension that accounts for time. 

We denote the Lebesgue norm of / by by The Sobolev norms of 

integral order VF"'^ are then defined by 




(A.l) 



for 1 < p < 00 and 

ll/lk".- = sup ||9"/||oo. (A.2) 

|a|<n 



NEW ESTIMATES FOR A TIME-DEPENDENT SCHRODINGER EQUATION 31 

when p = oo. In addition, we consider Sobolev spaces of fractional order, 
both homogenous and inhomogenous: 

\\f\\w^,v = WiVyfWp, respectively = |||V|/||p. (A.3) 

Here (V)'' and denote Fourier multipliers — multiplication on the 
Fourier side by (^)^ = (1 + ICP)^''^ and |^|* respectively. 

When p = 2, the alternate notation H'^ = W^'"^ or = W'^''^ is custom- 
ary. 

In addition, we are naturally led to consider Lorentz spaces. Given a 
measurable function / on a measure space {X, fi) , consider its distribution 
function 

m(a,/)=/i({x| |/(x)| >a}). (A.4) 

Definition A.l. A measurable function f belongs to the Lorentz space L^'^ 
if its decreasing rearrangement 

f*{t)=M{a\mia,f)<t} (A.5) 

fulfills 

or, respectively, 

||/||lp,oo = sup t^/Pf*{t) < oo (A.7) 

0<i<oo 

when q = oo. 

We list several important properties of Lorentz spaces. 

Lemma A.l. i) LP'P = and LP'"^ is weak-LP. 

ii) The dual of LP'I is Lp'^i' , where 1/p+l/p' = 1. 

iii) Ifqi < q2, then LP'I^ C Lf'^a. 

iv) Except when q = oo, the set of bounded compactly supported func- 
tions is dense in LP'''. 

For a more complete enumeration, see |BeLo] . 

We conclude by proving a lemma concerning the atomic decomposition 
of Lorentz spaces. In preparation for that, we give the following definition: 

Definition A. 2. The function a is an LP atom, 1 < p < oo, if a is mea- 
surable, bounded, its support has finite measure, and a is LP normalized: 

esssup|a(x)| < cxd, /i(suppa) < cxd, (ess sup |a(x)|)^-/i(suppa) = 1. (A. 8) 

X X 

Again, note that a is an atom if and only if \a\ is one. 

Lemma A. 2 (Atomic decomposition of LP'''). Consider a measure space 
{X,fi). A function f belongs to LP'''{X), 1 < p, q < oo, if and only if it is 
a linear combination of LP atoms 

f = Y,^kak, (A.9) 
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where the atoms have disjoint supports of lacunary sizes and {atjk £ 
£'?(Z). Furthermore, ~ ||a/c||^'j and the sum \A.9\) converges uncon- 

ditionally in the L^'^ norm. 

In the limiting case LP'°°, a similar decomposition exists, but only con- 
verges when / is in Lq'°° — the closure within L^'°° of the set of bounded 
functions of finite support. 

Note that, for 1 < p < cxd, is the dual of Lq'°° and L^'^ is the dual 
of LP''\ but the dual of LP'°° can be quite complicated. 

Proof. In one direction, assume that / € L^''^; without loss of generality, we 
may consider |/| in its stead. 

Let fk = f*{2^), for /* as in (jA.Sp . Since the distribution function is 
decreasing, by ()A.6P one has that 

Y^(2^''+^)/Pf,)A > 11/11^,,, > ( Y^i2^/Pf,^,y'\ (A.IO) 
k ' ^ k ' 
or, equivalently, 

^xlvi^^^^lvf^Y^'" > iijii^^,, > 2-^lp{j2,{2^IPf^f^'\ (A.ll) 

Thus, (Efc(2^/^/fc)^)^^^ is comparable to ||/||lp,.. 

Let 5fc = |/|-i([/fc,oo)). By definition, ^(5^) < 2^ and |/(x)| > A on 
Sfc. Observe that if /x(Sfc) > n{Bk_i), then fi{Bk) > 2^^^. 

For any E Z, let 

n{k) = min{n | ii{Bn \ -Bfc) > S''}, m{k) = max{m | /i(Sfc \ B^) > 2^"^}, 

(A.12) 

and set n{k) = +oo or m{k) = —oo if the sets are empty. Observe that, for 
k<£< n{k), fn = fk and, for > ^ > m{k), fn = fk-i- 
Define recursively the finite or infinite sequence (fc^)£ez by 

fco = 1, ki+i = n{ki) for £ > 0, and kg^i = m{ki) for £ < 0. (A.13) 

Then fk = fki whenever kg < k < k^j^i. Since 

2-i/P2^f+i/p < < — 2!^i+\lv (p^ 

— / ^ ~ \ _ 2~^I'P ' \ • I 

k=ki 

it follows that [T^ii'^'^'^^'^fkiYf'' is comparable to 

Let At = |/|-^([/fc,, A.,_J). Note that ^(^^) > 2'=^-i by the definition of 
the ki sequence and also that ^i{Ai) = ^{Bi\Bi_i > 2'^^^^ — 2'^^-^. We infer 
that fi{A(,) > 2^i-^. On the other hand, fj.{A(,) < n{Bi) < 2^=^ 

Set 

= /i(-4f)^/Pess sup{|/(x)| I X G Ae}, 
ae = (XAf /)/«£• 
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Note that ai is an atom for each i and 

2^^/Pfk,_,>ae>2^'^-^^/Pfk,. (A.16) 

In particular, 

j;a^<^2'=^/Vfc._, <C||/||^P., (A.17) 
e e 
so WukWei < C\\f\\LP,i. 

In order to estabhsh the converse, consider 



/ = ^afcafc, (A.18) 



where are atoms of disjoint supports of size 2 and only finitely many 
of the coefficients are nonzero. One needs to show that 



\lp.^ <C\\aky, (A.19) 

with a constant that does not depend on the number of terms. 

Observe that each atom has ess sup|a;fc(x)| = Since the mea- 

sures of supports of atoms a^, for k < k^, add up to at most 2^0, it follows 
by the definition of the distribution function that 

f*{2^°)< ess sup |afcafc(x)| = sup 2-^/P|afc|. (A.20) 

k>ko, x^X k>ko 

Then, the integral that appears in the definition (|A.6p can be bounded by 



Jo t ^^^^^ k>ko 



fceZ ko<k 

2ilv ^ 
29/p - 1 ^ 



It follows that II/IIlp,-? is indeed finite and fulfills (jA.lOp . The unconditional 
convergence of implies the unconditional convergence of ^a^afc. 

This easily generalizes to the case when the atom sizes are only in the 
order of, not precisely equal to, 2*^, as well as to the case when there are at 
most some fixed number of atoms of each dyadic size instead of just one. □ 

Appendix B. Real interpolation 

Our presentation of interpolation faithfully follows Bergh and Lofstrom, 
[BeLoj ■ and is included only for the sake of completeness. The reader is 
advised to consult this reference work for a much more detailed exposition. 

For any couple of Banach spaces (Aqj ^i), contained within a wider space 
X, their intersection, AQi^ and their sum 

Ao + Ai = {x G X I a; = ao + ai, ao G Aq, ai G ^i} (B.l) 

give rise to two potentially new Banach spaces. 
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Given a couple of Banach spaces (Aq,Ai) as above, define the so-called 
K functional on + Ai by 

K{t,a)= inf (llaolUo +*ll«ilUi)- (B.2) 

Definition B.l. For O<0<1, l<g< oo, the interpolation space 
{Ao, Ai)g^q = Ag^q is the set of elements f & Aq + Ai whose norm 

i/<z 



^J^ it-'KitJ)r^j (B.3) 



is finite. 



{Aq, Ai)g^g is an exact interpolation space of exponent 9 between Aq and 
Ai , meaning that it satisfies the following defining property: 

Theorem B.l. Let T be a bounded linear mapping between two pairs of 
Banach spaces (^O)^i) CL'nd {Bq,Bi), i.e. 

IIT/IIb, <M,||/|U,, j = 0,l. (B.4) 

Then 

\\TfkBo,B,)e,, < Mo^-^Mf (B.5) 

For two couples of Banach spaces, {Aq'\a^^) and {A'^\a^i^), 

(4^) X A^^\4^ X 4^)),,, = {4\4\q X {A^^\Af\q. (B.6) 
The following multilinear interpolation theorem is due to Lions— Peetre: 

Theorem B.2. Assume that T is a bilinear mapping from X a[^^) to 
B^ for _7 = 0, 1 and 



||r(a«,a(2))||s^. <M,-||aW||,a)||a(2)||^(,). (B.7) 

Then 



ifO<e<l,l/q-l = (l/qi - 1) + (l/gs - 1), 1 < g < oo. 

Finally, below we list the results of real interpolation in some standard 
situations: 

Proposition B.3. Let L^ be the Lebesgue spaces defined over a measure 
space (X, ^) and L^''' be Lorentz spaces over the same. Then 

1. {LP^'i^,LP-^i-)e,q = LP^'i, forpo, pi, qo, qi G (0,oo], po + Pi, l/p = 

{i-e)/po + e/pi,o<e<i. 
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2. For a Banach space A, define the weighted spaces of sequences (ho- 
mogenous and inhomogenous, respectively) 



iiiA) = I (a„)„e2; I ||K)||,^(A) = ( E (2"1l«nlUr j < oc 



n=—co 
oo 



(B.9) 



(B.IO) 



n{A) = {an)n>o I ||(a„)||,.(^) = ^(2-||a„|U)^ < oo 

ii%{Ao),ii\iA^))e,, = iU{Ao,A,)e,,), 

{i%iAo),i'iliA^))e,, = i'iiiAo,A^)e,,), 

where < qo, qi < oo, s = {1 - 9)so + 6*51, 1/q = {1 - 9)/qo + 0/qi, 
0<d <1. 

3. {LP'^{Ao),LP^{Ai))e,p = LP{{Ao,Ai)e,p), forl/p= il-e)/po + 9/pi. 
Again, the reader is referred to |BeLoj for the proofs and for more details. 
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